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In this work we report about the fundamental correspondence between the high efficiency of the
broadband quantummemory on multifrequency absorbers in the single-mode cavity and the topology
of the observed frequency lines. We have found the spectral-topological matching condition by using
the multiparametric optimization of the absorber characteristics which makes it possible to improve
considerably the spectral efficiency of quantum memory under conditions of a real experiment.
The elaborated approach opens the possibility for the creation of the broadband quantum interface
consisting of a small number of the absorbers and characterized by the super-high quantum efficiency
of more than 99.9%.
PACS numbers: 03.67.-a, 03.67.Hk, 03.67.Ac, 84.40.Az.
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Introduction. The development of the optical quan-
tum memory (QM) is of decisive importance for quan-
tum information technologies [1–5]. Impressive experi-
mental results on the way to create the effective QM were
achieved in the last decade [6–9]. At the same time, the
further improvement of the quantum efficiency to values
extremely close to 100% that is necessary for the usage
in quantum communications and especially in a quantum
computer remains a complicated unsolved experimental
problem. In addition to a number of related tasks, first
of all the solution of this problem requires the creation
of the highly effective interface for the reversible storage
of photons in long-lived coherent systems.
One of promising technological approaches is based on
the realization of multimode QM on the reversible pho-
ton echo [10, 11] and on the idea of it implementation
in the broadband optical or microwave cavities [12–18].
Owing to the enhancement of the interaction between
the resonance system of atoms and light it was possible
to increase considerably the efficiency and decrease the
working number of atoms [14–16]. The increase in the
efficiency of the interface in this manner is also possible
but only by providing the matching condition for a wide
range of working frequencies [13, 19, 20]. The general
solution of this problem remains unknown in the present
time that strongly hampers the search for practical ways
of creating the highly effective broadband optical QM.
In this work, starting from the known AFC protocol of
the photon echo QM [21] in the single mode cavity [12],
we show that a system of a small number of resonant ab-
sorbers (emitters, atoms, particles, mini-resonators etc.)
placed in a common cavity makes it possible to imple-
ment the super-high spectral efficiency larger than 99.9%
in the working frequency band. We found that such high
efficiency is implemented in the vicinity of parameters,
where the topological restructuring of the spectrum of
the system and the change of the number of observed
resonance lines is recorded. In this case the maximally
possible efficiency is achieved due to the optimization of
all parameters of resonant particles and the usage of the
spectral-topological matching condition.
Physical model. The general theoretical model of
the considered memory corresponds to the so-called
impedance matching QM on the photon echo in a single
mode cavity [12, 13, 19, 22], which was expanded fur-
ther on the system of ring resonators connected with the
nanooptical fiber [23] and on other schemes [20, 24, 25].
Using the input-output formalism of quantum optics [26]
for the single-photon field, for the system studied in the
work we obtain equations for the excited modes of parti-
cles sn(t) and of the common cavity field a(t):
[∂t + i∆n + γn] sn(t) + g
0∗
n a(t) = 0, (1)[
∂t +
κ
2
]
a(t)−
∑
n
g0nsn(t) =
√
κain(t),
where ain(t) = [2pi]
−1/2
∫
dνe−iνtfν is the input pulse,
fν is the spectral profile of the input pulse, for which
the normalization condition for the single-photon field is
fulfilled
∫
dν|fν |2 = 1, ν is the frequency counted from
the central frequency of the radiation ω0 , ∆n are fre-
quency detuning of particles, n ∈ {−N, ..., N} \ {0}, γn
is the attenuation decrement of the n-th particle, κ is
the coupling coefficient of the external waveguide with
the broadband resonator, g0n is the coupling constant of
modes of the common resonator and the n-th particle.
We have also ignored Langevin forces [27] in equations
(1) by focusing only to the searching of highest quantum
efficiency in the studied scheme.
From equations (1) we obtain the output field aout(t) =√
κa(t) − ain(t) in terms of the transfer function (TF)
S(ν) = a˜out(ν)/a˜in(ν) in the form
S(ν) =
1 + iF (ν)
1− iF (ν) , (2)
where F (ν) = 2ν/κ+
∑
n gn/(∆n− iγn− ν), ain,out(t) =
2[2pi]−1/2
∫
dνe−iνta˜in,out(ν), 2|g0n|2/κ = gn is the effec-
tive line width of a separate particle inside the common
broadband resonator (for γn = 0). In the general case TF
(2) has a very complicated spectral behavior due to the
strong interaction of the particles in the common cavity.
However, we show below that under certain conditions
TF can acquire spectral properties corresponding to the
nearly ideal QM.
Spectral-topological matching conditions. Introducing
the delay time T (ν) = −iArg(S(ν))/ν on frequency ν, we
write TF in the form S(ν) = eiνT (ν). In accordance with
the general properties of the QM on a periodic frequency
comb [21], it is possible to formulate the main principle
of obtaining the effective broadband QM: the broadband
memory can be effective then and only then, when the
delay time is the same for all frequencies in the given
spectral range Ω, i.e.,
T (ν) = T (ν0) ∀ ν ∈ Ω, (3)
where ν0 is the central frequency of the given range Ω
(lower than ν0 = 0).
It was found earlier that the condition (3) can be ful-
filled with the accuracy to terms ∼ ν4 [13, 19] and ∼ ν6
[20] in the vicinity ν = 0 that limits anyway the spectral
range of the high quantum efficiency. Below we show
that it is possible to reach the high quantum efficiency
in a wider spectral range by reaching the higher accu-
racy of the fulfillment of the equality (3). Imposing the
larger number of conditions on physical parameters of
the system (a set {gn,∆n}), we consider (3) as equality
in series: {∣∣∣∂αν (T (ν)− T (ν0))∣∣∣
ν=ν0
→ min
}
, (4)
where α ∈ {0, ..., 4N − 1} is determined by the maximal
number of free parameters of the problem ({gn,∆n}).
In analytical calculations below we consider the case of
small own losses of resonance particles γn ≪ 1 under the
assumption of the fulfillment of the regime ”broadband
cavity”, when N∆/κ ≤
√
γn/∆ ≪ 1. With allowance
for the symmetry of the distribution of spectroscopic pa-
rameters g−n = gn, ∆−n = −∆n, which is necessary for
the creation of the high quantum efficiency in the broad
frequency band, from (4), we find the following algebraic
system of 4N spectral-topological matching conditions
on parameters {gn, ∆n}:∣∣∣∣∣
N∑
n=1
gn
∆2m+2n
− (2
2m+2 − 1)|B2m+2|
(2m+ 2)!
[T (0)]2m+1
∣∣∣∣∣→ min,
(5)
T (0) = 4
N∑
n=1
gn
∆2n
,
where m ∈ {1, ..., 4N − 1}, Bm are Bernoulli numbers
(B0 = 1, B2 = 1/6, ...).
In fact, conditions (5) are the statement of the problem
of the multiparametric optimal control of spectral prop-
erties of the QM written in the algebraic form that makes
it possible to apply algebraic geometry [28–31] to search
for the ways to improve the QM. Below we show that the
conditions of the implementation of the highly effective
broadband QM (3) are associated with the change of the
topology of its spectrum and are fulfilled near the point
of the topological spectral transition.
Topological transitions in the QM spectrum. For the
case of the 2N -particle system, when the initial frequency
modes are detuned equidistantly ∆n = ∆(n − 1/2) (fur-
ther ∆ = 1, i.e., the consideration is performed in units
of ∆), and the line widths of modes are the same gn = g,
we find F (ν) = 2gν
N∑
n=1
[(n− 1/2)2− ν2]−1. Further from
the matching condition (5) we obtain the following rela-
tionships for the optimal quantity g = gcr and the time
of the signal recovery T (0):
gcr =
∆
pi
[
1− ψ
(3)
(
N − 12
)
pi4
] 1
2
×
[
1− 2ψ
(1)
(
N − 12
)
pi2
]− 3
2
(6)
T (0) =
2pi
∆
× pigcr
∆
×
[
1− 2ψ
(1)
(
N − 12
)
pi2
]
,
where ψ(m)(x) is the polygamma function. Expand-
ing (6) over 1N we have
pigcr
∆ ≃ 1 + 3pi2N and T (0) ≃
2pi2gcr
∆2
(
1− 2pi2N
)
. We see that for the optimal QM
(at g = gcr), the difference in the echo time-of-flight
T (0) = 2pi∆ (1 +
1
pi2N ) is very small in comparison with
the continuum case T (0) = 2pi∆ (N = ∞) [12, 21] for
N >∼ 10 but at the lower number of particles N < 10 this
difference becomes essential.
The numerical analysis of the own modes TF (1) car-
ried out for the mode of the ”broadband cavity” (∆/κ≪
1) and weak relaxation (γ/∆ ≪ 1) shows that near the
point of the maximal quantum efficiency (g = gcr) the
topological restructuring of the spectrum of the TF sys-
tem occurs (see Fig. 1). That is, at the rather weak
coupling constant g < gcr the spectrum of TF resonance
lines consists of 2N lines, and at the coupling strength
g ≥ gcr the number of lines is decreased by unity, i.e., it
is 2N − 1.
The correspondence between the quantum efficiency
and the change of the TF spectrum En(g) is seen most
clearly in the parametric space at the comparison of
plots for the normalized intensity of the echo signal
Iecho(T (0), g) = |
∫
dνe−iνT (0)S(ν)fν |2/|
∫
dνfν |2 ( fν =
[2piσ2]−1/4e−ν
2/(4σ2) – the spectrum of the input pulse
is chosen in the form of the Gaussian profile with the
width σ = 0.2N∆ and the central part of the spectrum
of lines En(g), n ∈ {−2,−1, 1, 2}. Fig. 1 shows that the
efficiency close to 100% corresponds to the maximum of
3the echo signal intensity Iecho(T (0), g)→ 1, which takes
place in the region of restructuring of lines of the spec-
trum En(g) in the small vicinity of the point of merging
of two lines. The numerical calculations show that the
pattern similar to Fig. 1, takes place for any even number
of resonance particles.
FIG. 1. Position of lines En(g) of the TF spectrum of the
four-particle system (blue dotted lines) and the normalized
intensity Iecho(T (0), g) of the recovered light pulse (red solid
line) as a function of the coupling constant g.
The spectral-topological restructuring in the paramet-
ric space occurs in the rather small region of the variation
of parameters and is the universal condition of the imple-
mentation of the high quantum efficiency irrespective of
the certain form of the signal radiation. The finer spec-
tral optimization of the efficiency can depend on the used
frequency band and the form of signal pulses, which, how-
ever, requires the additional study taking into account
certain parameters of light fields analogous in meaning
to that used in the scheme of the QM on slow light [32].
Optimization of the efficiency in the wide frequency
band. To study the properties of the QM in the wide
spectral interval irrespective of the form of the signal we
introduce the function of TF spectral errors δS2(ν) =
|S(ν)2 − S0(ν)2|, showing the deviation of TF from TF
of the ideal memory S0(ν) = e
iνT (0). For N=2 when the
initial frequencies of particles are detuned equidistantly
∆±n = ∆(±n ∓ 1/2) (further ∆ = 1, n = 1, 2), and the
linewidths of modes are the same gn = g, from (6) we
obtain a set of spectroscopic data {∆±1 = ±0.5, ∆±2 =
±1.5, g±1 = 0.318, g±2 = 0.318}. After the com-
plete optimization according (5) suppressing the negative
spectral dispersion, we obtain the following topological
structure of optimal parameters for frequency detuning
and linewidths: {∆±1 = ±0.5, ∆±2 = ±1.92, g±1 =
0.318, g±2 = 1.09}.
It is seen from the results of the numerical calculation
of Eq. (2) given in Fig. 2 that the comparison of the ini-
tial and optimized variants with allowance for own losses
FIG. 2. Spectral error of TF in the log scale DBS(ν) =
10 log
10
(δS2(ν)) for the four-particle system (N = 2): red
solid line - the complete parameter optimization and γn ∼
10−4, blue (dot) – the partial optimization and γn ∼ 10
−4,
green (dash) – the complete optimization and γn ∼ 10
−3,
brown (dot-dash) – the complete optimization and γn ∼ 10
−2.
γn ∼ 10−4 achievable, e.g., upon using superconduct-
ing microwave resonators [33] shows clearly the consider-
able improvement of spectral properties of the optimized
variant (γn ∼ 10−4 corresponds to the quality factor
Q = 5 · 106 of superconducting resonators for ∆ = 3 · 107
and ω = 3 ·1010). Namely, in the second case the spectral
quantum efficiency η(ν) = |S(ν)|2 weakly depends of the
frequency in the spectral interval from −0.6∆ to 0.6∆
and δS2(ν) ∼ 10−3 at γn = 10−4. Thus, the optimiza-
tion of parameters {gn,∆n} makes it possible to create
the almost ideal quantum interface in this frequency re-
gion with the efficiency η(ν) ∼= 99.9% as it seen in Fig.
2 that is possible only upon using the controlled multi-
frequency system. Subsequent reversible transfer of the
light field stored in the system of miniresonators to the
long-lived electron–nuclear spin system [25] (for exam-
ple in the rare–earth ions [34]) could provide on demand
retrieval of the signal light, that is a subject of further
studies.
The optimization of the topology of the spectrum of
the highly effective QM can be also expanded to the wider
spectral interval of frequencies by adding particles. It will
be necessary to correct parameters of all particles which
is the reflection of their strong interaction. For compari-
son, we note that the AFC protocol for the atomic ensem-
ble in the optical resonator with four resonance lines was
recently implemented experimentally [14], where the au-
thors achieved the efficiency of 58% record for the AFC
protocol. The result obtained in the work [14] can be
dramatically improved in the approach we consider ow-
ing to the proposed optimization of frequency detuning
and constants of the coupling of resonance lines.
Conclusion. The developed spectrally topological ap-
proach of the multiparametric optimization of the QM
4opens the possibility of creating broadband highly ef-
ficient multifrequency interface consisting of a small
countable number of resonance particles (atoms, minires-
onators etc.). That is, the spectral errors in the work of
the interface can be decreased to extremely small val-
ues δS2(ν) ∼ 10−3 that meets the main technological
requirements for the operation of the QM and its integra-
tion into quantum communication lines and the quantum
computer scheme.
An advantage of small-particle, energy-discrete reso-
nance systems in comparison with spectrally continuous
systems (atomic ensembles with the large inhomogeneous
broadening) is in simpler possibilities of the perfect spec-
tral control on the basis of using the existing optical and
microwave technologies. In optics the proposed approach
can be implemented, e.g., in integral optical schemes
containing systems of optical miniresonators connected
with a nanooptical fiber [35], where it is possible to se-
lect suitable frequencies of separate miniresonators and
control the strength of their interaction with nanofibers
[36], and the usage of several atoms with tunable fre-
quencies being in the common resonator is also possible.
The usage of superconducting resonators connected with
planar waveguides [33] is the most technological in the
microwave range frequency.
It is essential that the used algebraic approach [28]
makes it possible to optimize all parameters of the con-
sidered system (5) and gives an exhaustive answer to the
question how it is possible to construct the superefficient
quantum interface corresponding to the theoretical limit.
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